Mark Scheme Q1.

%l:j‘zi’gg? Scheme Marks
L vaxd
(a) B1
seen
31’31’2{1’4‘1‘%):1’3 +v'x’ => 3v21%=l—2v3 ML A v
(**ag**)
(3)
3v? 1
dv = I ~dx
(b) I 1-2v* X B
-%ma-zv’)ﬂnx (+C) M1 Al
—In(1-2v)=Inx* +In 4
o = 3 5 M1
1-2v
o Y
1- -'—3 - l =
X Ax*
3
y=1 x —Bx g dM1 Alcso
B or equivalent
(6)
: dy
(c) Usmngy=2atx=1: 12E=l+8 M1
-
Atx=1, L.d == Al
dx 4
(2)
11
Notes
(a) M1 for substituting y and % obtaining an expression in v and xonly
(b) 1% M1 for separating variables
2" M1 for attempting to integrate both sides
17 Alboth sides required or equivalent expressions. (Modulus not
rerguired.)
37 M1 Removing logs. dealing correctly with constant
4™ M1 dep on 1st M. Substitute v= Y and rearranging to y = f(x)
X
(c) M1 for finding a numerical value for %
X
Al for correct numerical answer oe.




Q2.

%ﬁgﬁ? Scheme Marks
Way 1
¥ 1":>dv 3y~ C derivati
Lol S ) 4 orrect vative
(a) - dy : Bl
dy dydv v dv M1: Correct use of the chain rule
& d:l % - Al:C t t1 ML
) : Correct equation
or -3y~ L x-3y~ = 6x* g
dx
y' dv x+y=2x""
3.de )
; dM1: Substitutes to obtain an equation
—}—i.x+y—2x4v4 :ﬂ——‘—'=—613 ey sad.x: : . dM1Al
3 e & x Al: Correct completion with no errors
seen
Way 2
d)" 1 —+ - 5
y=v?:= d_ =—3V? Correct denvative Bl
\B
g-gﬂ—_h—?ﬂ M1: Correct use of the chain rule MIAL
dx dvdx T dx A1l: Correct equation
¥ 3 i SR PN MI: SuPstitutes to obtain an equation dM1
3 dx in v and x.
_ ] dv T N dv 3v s Al: Qf)rrect completion with no Al
3 dx dx x errors seen
Way 3 (Working in reverse)
-3 dv y —4 - .
vV=y = d_ =-3y B1l: Correct denivative Bl
34
dv _dvdy _ g dy M1: Correct use of chain rule MIA1
dcr dydx - A1l: Correct expression for dv/dx
. dv
M1: Substitutes correctly for o
_3y EIX _ 3y =3 and v i equation (I) to obtamn a D.E. | ;1A
dx x in terms of x and y only.
A1l: Correct completion to obtain
equation (I) with no errors seen




Qnesnon Scheme Marks
Number
I =3 ar _ .
!-idx s 1 Ml: e * and attempt integration. If
(b) I=e¢ * =e "' =— not correct. In x must be seen. MIAI
X =41
Al: =
X
v MI1: vxtheir7 = f—63r3 x their I dx
— = [—6 dx = —6x(+c) - dM1A1
X 2 Al: Correct equation with or without + ¢
ddM1
1 . Include the constant. then substitute for | dep on
33 - —-6x+c>y =... y and attempt to rearrange to " =....ory | both M
y X = ... with the constant treated correctly | marks of
(b)
1
}’3 =— 5 Or equivalent ‘%1 1(161)
cx’ —6x ata
Q3.
Quastion Scheme Notes Marks
Number
(i)
NB If candidates appear to be considering any/all of p, g, r to be non-positive, send the
attempt to review.
By use of integrating factor:
. v 9.t
) | ¥ i
[ &
gt =ef

=2 & +2
ObtamIF e 7 =e 7,
multiply through by it and

xel = ji e” dt Lat MI
4 integrate LHS. Accept j'e "di
for RHS
@ AL
qt at Integrate RHS e” — ke” .
xe? =—e” (+c) Constant of integration may be | dMI
missing. Dependent on the first
M mark.
r Substitute x=0and 7 =0 to
t=0,x=0,c=-~ obtain ¢. Dependent on bothM | ddM 1
q marks above.
at o
xef =—e? ——
q q
-4,
r ¢ oe Changetox=... Al




ALT:

By separating the variables:

%
(i) (a) I rp-d;]x = jdf Attempt to separate variables M1
p Integrate to give In
-=In(r-gx) =1 (+c) Constant of integration may be | dM1
q missing.
= - Substitute x=0and r =0 to
User=0,2=0 obtain their constant. nahdt
-4,
x=—=——e " Oe Al
4)
(b -
) t—>xe? =0,
r
(x—)— Cao Bl
(1
Multiply through by IF of the M1
. ! form €’ and integrate LHS
(ii) ye*’ =|e*’sing d@ (RHS to have integral sign or be
= gn
integrated later).
IF = ¢ and all correct so far. Al
ye¥l = [-ez” cos 0] +2 j e*’ cosfde
] | Use integration by parts once M1
Or [5 e*’sin 0] - 3 I e’ cos0deo (signs may be wrong )
Z 20 20 _: E 20 - \
(ye'a = [—e c056]+ - {[e Sin 6] 2je 5m9d¢9‘ Use parts a second time
L. 55, 11D 5 L0 i3 (Sim conditions to previous use) M1
Or 59' sinf - 3 Ee' cos@ + EIe' sin@dé || Must progress the problem - not
just undo the first application
().em =) -e*’cos@+2e*’ sinf - 4I e’’sin@do
] % 1 & Dpiag ; RHS correct Al
Or —e*’sin@——e*’ cosf— —je"’smﬁd@
2 4 4
Replaces integral on RHS with
ye'’ = —e" cos@+2e" sinf-4ye™ +¢ integral on LHS (can be
Or ye™ or Iew sin@ df) and dM1
- l 5 . l B l ~ —_ § — 1
ye? = —e* sinf - —e* cosf - — ye® +¢ uses @=0,y=0 toobtaina
2 4 4 value for the constant.
Depends on the second M mark
yet¥'= Ie‘” sinf d@ =—e*(2sin@-cosf)(+c)
1
0=0,y=0=>C=-
d
. B 1 2 Alcso
}—5(2sm9 c059)+5e oe 7




ALT: By aux equation method:
m+2=0om=-2 Attempt to solve aux eqn M1
CF (y=)Ce™ oe Al
Pl (y=) asin@+ fcosf PI of form shown oe M1
QL:acosG-,BsinH
do
acosf=psinf@+2asinf+2Lcosf =sinf Diff and subst into equation Ml
2 1 2 1
2a=-p=la+2f=00a==,f=-= Botha=—=,f=-= Al
B B 3 B 3 3 B 3
B=0,y=0:>C=l Use 9.=0,y=0toobtama dM1
5 value for the constant
) W % a Aleso(7)
)—5(2sm0 cose)+5e Must start y= ... Total 12

If the equation is differentiated to give a second order equation and an attempted solution seen —

NB send to review.
Q4.
33?:;';" Scheme Marks
i 3
—d'l- +52 = ln," Integrating factor eI‘ M1
dx ) ol
5
&x =B = Al
3 Yinx px°
| ¥ In xdx = - [=dx M1 M1 Al
4 I 4
Y & TR
_X Inx x" (+C) Al
4 16
gy 14 -
Sy Xlax x o b O M1 Al
i 4 16 4x 16x «x
(8)
8

1" M1 for attempt at correct Integrating Factor

1% A1 for simplified IF

2™ M for 1BX
2

3rd M1 for attempt at correct Integration by Parts

2™ A1 for both terms correct

3" A1 constant not required
th : .
4" M1 x°y =their answer + C

times their IF to give their ‘x° Inx’




Q5.

Question Scheme Marks
Number
@ |dy _dyd . dy dy _,_ de
—~—=~=—and —=2z so —=2z.—
dv dz'dx d: dv T dx M1 M1 Al
T "4 p) dz Ml Al
Substituting to get 2z.——4z"tanx =2z and thus ——2ztanx 5
dr & (5)
b -2 9 2
R I.F.=c:I e A a2 Ml
’ i(-cosz x)=cos:r : -cos:x:j'cos2 xdx
e - 3B M1
nzeos’x = H-(coslx+l)dx=-}sin 2x+4x+c
M1 Al
sz=dtanx+lxsec’ x+esec’x
Al
(6)
(© ~y=@Gtanx+dxsec’ x+esec’ x)’ Blft
(1)

12




Q6.

Question

Number Scheme Marks
Q p . .
SMY— — ycosy = sm2xsmnx
dv
An attempt to divide every term
dy ycosx _ sm2xsmx m the differential equation by M1
dv  smx sin x L
Can be imphed.
dy ycosx
— ———— = sm2x
dcr  smx
s x
| = Nl
Integrating factor el o e ®or """ | A1 aef
1 1 ———
- —— or (smnx)™ or cosecx | A1 aef
smx sinx
( 1 )g__rcosx _ sin2x
siny /dx sin"x sinx
i[ y ]_ Fse (v their IF) = sin2x x ther 1|
dr | smx s x
d %L‘—] = 2cosx or
—[—_" ] = 2cosx o Al
dr | sinx )
— = j2cmr(dt)
‘l
—_ = Ilcosxdr
sinx
Y s A credible attempt to integrate
sinx N the RHS with/without + K dddM1
y = 2sn’ x + Ksinx ¥y =2sin’x + Ksinx [ Al cao

(8]




Q7.

(—v2.4) - (v2,4) =

Quesﬂon Scheme Marks
Number
(a) iy—+ 2X =4 M1
dr «x
IE& 2nx 2
IF: 't =™ =(x7) M1
» dy 3
xT—+2xy=4x Mlde
3 xy P
yx* = I4x’dx =x*(+c) Mldep
y= x’ +— Alcso (5)
(b) x=lLy=5=c¢=4 M1
y=x'+— Alft )
x
&.... . B
—_— X ——
© dx X
dy " s
E=0 =4, x=+J2 or+{f4 MI1.Al
y=2+§=4 Alcao
Alt: Complete square ony =... or use the original differential M1
equation
x=+/2. y=4 AlAL
E. B1 shape
B1 tuming
points shown
somewhere
| (5)

(12]




Notes for Question

(a)
M1 for dividing the given equation by x May be implied by subsequent work.

& 2 . : . ;
M1 forIF= eI T omellr o ('(2) I—dx must be seen together with an attempt at integrating this.
x
In x must be seen in the integrated function.

Mldep for multiplying the equation %+ 2 =4y by their IF dep on 2nd M mark
x

Mldep for attempting the integration of the resulting equation - constant not needed. Dep on 2nd
and 3rd M marks

1 c 5
Alcso for y=x'+—oe eg ' =x'+c
2

Alternative: for first three marks: Multiply given equation by x to get straight to the third line. All 3
M marks should be given.

(b)

M1 forusing x=1 y=5 in their expression for y to obtain a value for ¢
, 4 .
Alft for y=x"+— follow through their result from (a)
2

(c)

M1 for differentiating their result from (b). equating to 0 and solving for x

Al for x=%J2 (no follow through) or +3/4 No extra real values allowed but 1gnore any
imaginary roots shown.

Alcao for using the particular solution to obtain y =4 . No extra values allowed.

Alternatives for these 3 marks:
M1 for making -::—:_- =0 in the given differential equation to get ¥ =2x? and using this with their

particular solution to obtain an equation in one variable

OR complete the square on their particular solution to get y= (x +1] -4
x
Al for x=+J2 (no follow through)
Alcao for y=4 No extra values allowed
B1 for the correct shape - must have two minimum points and two branches. both asymptotic to
the y-axis

Bl for a fully correct sketch with the coordinates of the minimum points shown somewhere on or
beside the sketch. Decimals accepted here.




Q8.

Question Scheme Marks
Number
@) I.F. =epmd‘ =TT = ec? x MIAl
ys4ec:.1'=“‘sec2 xsmn 2xdx M1
e
_vscczx=J.de=2jtanxdx
cos™ X
yse<:2 x=2lnsecx (+c) MidepAl
< 2lnsecx+c Alft
% sec’ x (6)
T
y=2 x=—
(b) 3
21nscc(£]+c
ok 3
(3
sec”| —
3
S 2In(2)+c
4
c=8-2In2 MI1A1
Zhlsec(%)+8—21n?.
X =— =
o =)
sec” | —
2
2ln$+8—lln2
)= M1
? rl
3
Al
y=i(8+-lni]=6+ilni=6-iln3
4 NG 2 5 4 @
10 Marks




Question
Namber Scheme Marks
Alternative: ¢ may not appear explicitly:
2y 2y seck
ysec z—2sec  ¥=2In MIiAl
secd
$y-8=2In-%
}):2(8.{.2111_1_):64.2]1)_1_:6_1]113 MiA1
4 3 2 34
NOTES
Question a
M1 for the ej’zu:a or ejm"h and attempting the integration - &'*"**** should be seen if final result is
not sec’ x

Al for IF =sec’ x

M1 for multiplying the equation by their IF and attempting to integrate the lhs

M1dep for attempting the integration of the rhs sin 2x = 2sinxcosx and secx =
on the second M mark

needed. Dependent
cosx

Alcao for all integration correct 1e _,vsec2 x=2Insecx (+c) constant not needed

Alft for re-writing their answer in the form y =... Accept any equivalent form but the constant
In ( Asec? x)

i
0 y=cos2x[ln(sec' x)+c]
sec” x

must be present. eg y=




Notes for Question Continued

Question b

M1 for using the given values y =2, x=

w|n

integration

Al foregc=8-2In2or A= %cs (Check the constant 1s correct for their correct answer for (a)).
Answers to 3 sigmificant figures acceptable here and can include cosi;-or sec%

M1 for using their constant and x =%— in their general solution and attempting the simplification to the
required form.

Alcao for y= 6-—-’?-ln3 (i or 0.75)

R 4
Alternativeto b
M1 for finding the difference between ysec’ % and 2sec” % (or equivalent with their general solution)

2 seck
Al for ysec’£—-2sec’£=2In| —2
sect

[ )

n

M1 for re-arranging to y =... and attempting the simplification to the required form

Alcao for y=6—%ln3 (% or 0.75)

mn their general solution to obtain a value for the constant of




Qo.

Question
Number

Scheme

Marks

(a)

(b)

d
D 2ytanx=e*cos’x
dx

2| tan xdx 5 9
2 ] =e®** _gsec’x or

)
Cos™ x

2. dy 5 2 4x 2 2
sec xa;-b--ytanxscc x=e cos xsec X

%(yscc’ x)=e"

ysee’ x =-§e" (+c)

1 dx 2
p= Ze +C |COS™ X o¢

y =%(e" +3)<:os2 X oe

MI1AlL

dM1

Blft( ysec® x)

M1
Al
(©6)

M1

Al

(2)
[8]

Notes for Question

(@)

M1 attempting the integrating factor. including integration of (2)tan x
Incos or Insec seen

Al correct integrating factor sec’ x or <
cos™ X

M1 multiplying the equation by the integrating factor — may be
mmplied by the next line.
Blft yx their IF

M1 attempting a complete integration of ths Must include Ae** but

4e* would imply differentiation. Constant not needed (Incorrect IF
may lead to integration by parts. so integration must be complete)
Al correct solution in form y=... constant must be included

(b)

M1 using given initial conditions to obtain a value for ¢
Al fully correct final answer May be in the form

ysec’x=..or 4ysec’x=...




Q10.

et Scheme Marks
Number
£+ = =3cos2x
dy tanx
fcotxdtzlnlsinx|. IF =sinx Ml
sinxgﬂvcosx:?’cos?.xsinx
dx
ysinxz[ 3cos2xsmxdx MIAIL
ysinx=f 3(2coszx—l)sinxdr ysinx=%[ (sin3x—smx)dx
: 2 : 3] 1
ysmx =3 —g-cos x+cosx |(+c) ysmng ——3-c053x+cosx (+¢) | dM1A1
1,_3cosx—2cossx+c' - v_—3c033x+3cosx+c' Blft [6]
= sinx % dsinx (A1l on e-PEN)
Ml

Divide by tan and attempt IF e-[ pea or equivalent needed
M1 Multiply through by IF and integrate LHS
Al correct so far

dM1 dep (on previous M mark) integrate RHS using double angle or factor formula
kcos® xsinx — +cos’ x, ksin® xcosx — ksin’ x, cos3x = i%sin3x, sin3x — i‘lcos_’»x

Al All correct so far constant not needed

B1ft obtain answer in form y =... any equivalent foom Constant must be mncluded and dealt
with correctly. Award if correctly obtamned from the previous line

Alternatives for integrating the RHS:

(1) By parts: Needs 2 applications of parts or one application followed by a trig method.
Give M1 only if method 1s complete and Al for a correct result.

@) ysinx=[ 3(1-2sin’x)sinxdx= [ 3sinx—6sin’xdx
Then use sin3x =3sinx—4sin’ x to get ysinx= f %—(sin3x—sinx)dx and integration

shown above - both steps needed for M1 )

ALTERNATIVE: Mult through by cos x

sinx$+ycosx =3cos2xsinx M1
dx
ysinx = | 3cos2xsmxdx MIiAl

Rest as main scheme




Q11.

Question

Nirnber Scheme Marks
m*+5m+6=0 =-2. -3 M1
CF. (x=)4e* +Be™ Al
Pl x=Pcost+Qsint B
x=~-Psint + Qcosrt
X¥=-=Pcost—Qsint M1
(—Pcost—Qsint)+5(—Psint + Qcost) + 6(Pcost + Qsint) = 2cost —sif M1
~P+50+6P=2 and -Q-5P+60=-1.andsolveforPandQ |Ml

3 1
=— and OQ=— Al Al
10 10
) 3 1 .
x=Ae™ +Be™ +—cost +—sint Bl ft
10 10

©)
9

Notes

1¥ M1 form quadratic and attempt to solve (usual rules)

1" B1 Accept negative signs for coefficients. Coefficients must be
different.

2™ Mifor differentiating their trig PI twice

3™ M1 for substituting x, X and X expressions

4™ M1 Form 2 equations in two unknowns and attempt to solve
1" A1 for one correct, 2™ A1 for two correct

2™ B1 for x=their CF + their PI as functions of t

Condone use of the wrong vanable (e.g. x instead of ) for all marks
except final B1.




Q12.

335:3:: Scheme Marks
(a) m’+6m+9=0 m=-3 M1
CF. x=(A+Bt)e™ Al
Pl. x=Pcos3t+Qsinit Bl
X =-3Psin3t+30cos3t M1
X =-9Pcos3r—90sin 3t
(9P cos3r—90sin3r)+6(—3Psin3t +30cos3r )+ 9( Peos3r+ Osin 3t ) = cos| \i1
9P +180+9P=1 and -90-18P+90=0 M1
1
P=0 and = — Al
¢ 18
x=(A+B)e™ +—sin3r Alft
(8)
1
(b) 1=0: x=A4= = Bl
$o=-3(A+Bt)e™ + Be™ + %cos 3r M1
1 N
t=0: J&-——3A+B+—6-=0 B=—; M1 Al
1 4t} o ;
x=|—4+— e +—sm3r Al
(2 3 ) 18
(5)
5 7
(c) t= % (= 30.9) Bl
1
X & —— Blft
18
(2)
15
17 M1 Form auxiliary equation and correct attempt to solve. Can be
(@) ix:lt})lied from correct exponential.
2% M1 for attempt to differentiate PI twice
3 M1 for substituting their expression into differential equation
4™ M1 for substitution of both boundary values
(b) 1% M1 for correct attempt to differentiate their answer to part (a)
2™ M1 for substituting boundary value




Q13.

Question Scheme Marks
Number
(a) Dafferentiate twice and obtaining
2
g"—=/l.sin5x+SA)rc:osSx and d—'r=10}~c055x-25/1xsin 5x M1 Al
dx dx”
: : 3
Substitute to give A T M1 Al
(4)
(®) Complementary function is y = AcosSx + BsinSx or Pe™ + Q¢ ™™ M1 Al
—— ; " : . Alft
So general solution 1s y = 4Acos5x + Bsin Sx +Exsm Sx or mn exponential form (3)
(c) y=0whenx=0 means 4 =0 B1
dy - 3 dy
—=5BcosSx +—smSx+—xcosSx andatx=0 —=35 andso 5=54
dy 10 2 dx M
SoB=1 Al
5 <
So y=sm5x+l—oxsm5x Al
(5)
(d)
- &, "Sinusordal” through O Bl
amplitude beconung larger
f . Crosses x axis at
— x 2x 3x 4x Bl
" AN S
2)
| Rswn s oy o e 2

14




Q14.

Question
Number Scheme Marks
Q 2
SX s ispaa’, YU, L@ te0.
dr* dr dr
@ | AE.m* + S m+6=0= (m+3)}m+2)=0
= m=-3,-2.
g A6V 4 B Ae™" + Be™' where m, =m,. | M
o, = Ae™ + Be 5
= Ae™ + Be™ | A1
{x:ke"=>£=-ke"=d;,=ke"}
dt
Substitutes ke mto the
= ke™ + 5(-ke™) +6ke™ =2¢7 = 2ke™ =2e” differential equation given in the | M1
=S k=1 question.
Finds k=1 | A1
{so, x=e"}
So. x=dAe™ +Be™ +e” therr x, + their x;; | M1*
e ; Finds & by differentiating
— ==-34e —2Be™ — ¢ dr am1*
= their x.. and their x;,
t=0.x=0= 0=A+B+1 Appliesrd=0,x=<:l:ox
w0, = udin S 1
'=0'%=2: 55 _3A—2B—1 and 1 o’dt 210 - to ddm
form simultaneous equations.
2A+2B==-2
-34-2B=3
= A=-1,B=0
So. x=—e" +¢” x=—e" +e" | Al cao

(8)




Question
Number Scheme Marks
x=—e +e”
(b) ; ; ; _dx
Differentiates their x to give —
dx g oG dr
E-=3€ -e7 =0 . M1
and puts = equal to 0.
3—-e" =0 A credible attempt to solve. | dM1*
=t=4In3 t=11n3 or r=In/3 orawrt 0.55 | A1
= -+
So \=—e‘h3+e‘h3- R3F | k3
Substitutes their ¢ back mto x
and an attempt to elinunate out
x=-37 +37 the In’s. | ddMm1
R L 23
o — g — = — , t to give —— | A1 AG
W3 B 3B 9 uses exact values to give >
dzx - -3 -7 2
e Finds 3%
&.
2, ~ wrintoSX | dmr®
At t=4In3, d_f = _geriul g3 and substitutes their 7 into "
S 9 1 3 1
= -9(3 Bod +3 LA + = - .
& EN N BN RN
'z g .9 2 9 1 .
J P + = <0 ———+ — < 0 and maximum
AT T B { T} 33 B Al

then x 15 maximum.

conclusion.

(7)

[15]




Q15.

Question ;
Nambesr Scheme Marks
(a) d—=v+xﬂ Ml
dx
2 ] zy
4y &v & 4y M1Al
T ode dx dx
4 3[2d_v xd—.,]—Sx(v-l-xl]+(8+4x2)xx\'=x" M1
4x’2+4x31’=x‘ M1
m-
2,
PLAMPI Al (6)
See end for an alternative for (a)
(b) 42 +4=0
AP=-1 oe MI1Al
(v=)Ccosx+ Dsinx (or (v=)de™+Be™) Al
PL Try v=k (+)
g:k d-‘;=o M1
dx dx”
4x0+4(kx (+1))=x M1ldep
1
k=— (I=0
T (1=0)
5 1 T
v=Ccosx+Dsmx+Zx (or v=Ac“+Bc"+Zx) Al (6)
3 1 - s, 1
(c) y=x Ccosx+Dsmx+Zx or y=Xx| Ae" +Be +Ix Blft (1)




Question continued

Alternative for (a):

ﬂ:d-'{’ 1_2)( 1 _Qx _'+2yx 5
dr” i~ .x & ¥ d X X
s d-‘,’ =x* d-'f—?.x———+2y

dx” dx-

dzv 4 dz
4 — 14’y =4x"

dx?

4
dx

2

dy b 4
—8x—+8y+4xy=x
WS y

M1

MI1Al

Ml

Ml

Al




Notes for Question

(a)
dy

M1 for attempting to differentiate y =2xv to get e product rule must be used

B

g _— dy 2 ; >
M1 for differentiating their Ii- to obtain an expression for

- product rule must be used

Al for

dy d’ )

M1 for substituting their o and —5 and ¥y =2xv in the original equation to obtain a differential

equation i v and x

M1 for collecting the terms to have at most a 4 term equation - 4 terms only if a previous error

dv 3 ;
causes E to be included. otherwise 3 terms

2)
Alcao and cso for 4d—‘2-+4v=x ¥
dx

Alternative: (see end of mark scheme)
y dv

M1 for writing v= =2 and attempting to differentiate by quotient or product rule to get =
x

By

-,

- product or quotient rule must

M1 for differentiating their % to obtain an expression for

be used
Al for El_;_d:' l-—--cl}-,-x——l;-——‘:l-v—x-1—+...})<—3
" dxt x dr x dx x° X
Ml

M1 for multiplying by 4 and adding 4x”y to each side and equating to x* (as rhs is now identical
to the original equation.

Alcao and cso for 4%+4v=x *

(b)

M1 for forming the auxiliary equation and attempting to solve

Al for A’=-1 oe
Al for the complementary function in either form. Award for a correct CF even if A =1 only 1s
shown.




Notes for Question continued

M1 for trying one of v=kx. k#1 or v=hkx+/ and v=mx’ +kx+1] as a PI and obtaining

dv d’v
— and —
dv dx”

2

Mildep for substituting their differentials in the equation 43;‘:- +4v=x . Award MO if the
2

original equation 1s used. Dep on 2nd M mark of (b)

Alcao for obtaining the correct result (either form)

(¢)

Blft for reversing the substitution to get ¥ = x(Ccos X+ Dsinx+ %x]

[or y= x( Ae™ + Be™ +%x )J follow through their answer to (b)




Q16.

Question

Mok Scheme Marks
(a) y=At'e"
¥ 2A1% + 307" MI1A1
!
d’y 3
5 Y =226 + 6ate” +6A1e™ +9Ar°e™ Al
2
278 + 6Ate’™ +641e™ +94t7e™ 12416’ —1841°e™ + 94t7e™ = 6e™ Midep
A=3 Alcso
5
NB. Candidates who give /4 =3 without all this working get 5/5 provided no
erroneous working 1s seen.
(b) m*—6m+9=0
(m-3) =0
CF. (y=) (4+Bt)e” MI1A1
G.S. y=(A+Bt)e" +3t’e" Alft
3)
(c) t=0 y=5 = 4=5 B1
%= Be™ +3( A+ Bt)e™ +61e™ +9re™ M1
F -4 4=B+15 M1
dr o8
B=-11 Al
Solution:  y=(5-11f)e" +3t°¢™ Alft
%)

13 Marks




Notes for Question

Question a

M1 for differentiating y = At’e” wrtt. Product rule must be used.

: ; .. /e .
Al for correct differentiation ie E‘i =2t + 34"
I

2

)

Al for a comrect second differential 3 : =27e" + 6Ate™ + 641> + 94’ ™

Mildep for substituting their differentials in the equation and obtamning a numerical value for A
Dependent on the first M mark.

Alcso for A=3 (no mcorrect working seen)

NB. Candidates who give A =3 without all this working get 5/5 provided no erroneous working is seen.
Candidates who attempt the differentiation should be marked on that. If they then go straight to A =3
without showing the substitution, give M1A1 1f differentiation correct and M1AO otherwise, as the solution 1s
incorrect. If A # 3 then the M mark is only available if the substitution is shown.

Question b

M1 for solving the 3 term quadratic auxiliary equation to obtain a value or values for m (usual rules for
solving a quadratic equation)

Al fortheCF (y=) (A+Bt)e"

Alft for using their CF and their numerical value of A m the particular integral to obtain the general
solution y=(A+Bt)e” +3t°¢” Musthavey=_. and ths must be a function of 7.

Question ¢

Bl fordeducing that 4=35

M1 for differentiating their GS to obtain % = ... The product rule must be used.

Midep for using ? =4 and their value for A n their % to obtain an equation for B Dependent on the
r
previous M mark (of (¢))
Alcaoandcso for B=-11

Alft for using their numerical values 4 and B i their GS from (b) to obtain the particular solution. Must
have y = ... and rhs must be a function of 7.




Q17.

Question Scheme Marks
Number
(@) 8Y 2P 10y =276~
dx” dx
m +2m+10 (=0)=>m=_. Form and solve the aux equation M1
m=-11%31 Al
(¥=)e™(4cos3x+B sm 3x) »= not needed May be seen with & Al
or (}" =') Ael_-l—Si)x + Be(-l-.‘u_lx instead of x
. PR N R vy = ke and attempt to differentiate M
' - ' twice
e (k—2k+10k)=27e"=>k=3 Al
g S Must be x and have y = ___Ignore any Blft
y=e" (Acos3x+Bsmn3x+3) attempts to change the second form. (NB Al
or y=A olt3ix | p(--dilx | 3 (But see note at end about marking (b)) | on e-
8 ft. so y = their CF + their PI PEN)
©6)
) $=0.y=0=34={_3) Uses x=0,y=01n an attempt to find M
S RSN SN A
, . : —— M1: Attempt to differentiate using the
y'=—e"(4cos3x+Bsin3x+3)+ product rule. with 4 or their value of 4 MIA1
e (3Bcos3x—3A4sin3x) Al: Correct derivative. with A or their
value of 4
M1: Uses x=0.y" =0 and their value
x=0,y'=0=>B=0 of A in an attempt to find B MIAl
Al:B=0
y=¢e"(3-3cos3x) oe cao and cso Al (6)
Total 12




Alternative for (b) using

1431 —1-3i =
y=Ae7 4 BT 4 3¢

May come from the real part of their

2

x=0,y=0 1010 1N . ST
x=0,) to get an equation 1n 4 and B e R M1
y'=(-1+3i) A3k MI1: Attempt differentiation using
v _ e chain rule MIAIL
+(=1-31)Be™ " =37 Al: Correct differentiation
M1: Uses x=0.3'=0 and equates
x=0.)'=0=>-4-B-3=0 fromreal imaginary parts to obtain a second
parts and 34 —3B =0 from imaginary parts | equation for 4 and B and attempts to MI1Al
So A=B=-3% solve their equations
Al: A=B=-3
= 3 (-1+3i)x 3 (-1-3i)x —-x X
y=——=¢€ e, +3e A1l: Ignore any attempts to change. Al

Some may change the second form in (a) before proceeding to (b). If their changed form 1s
correct, all marks for (b) are available: i1f their changed form 1s incorrect only M marks are

available.




Q18.

Question
Nt Scheme Marks
(a) x=e
& _ & M1
dy dy
dy ey Al
dx dz
dy _d dy _dy d 1 dy &y
Y gt SV 2B O L) MIAIAl
dx” dx d: dz" dx x‘( d: dz°
.tzd;'f+2.tg—2y=31nx
dx
of 1dy 1 dy 1dy
X| ———+—5—= |+ 22xx——-2y=3z Ml
(x‘d.: x’d:') Y 4
d.'Y+ﬂ—2 =3z al ()
=" d=
Alt:
z=Inx
d ) dz
b & & 1dy MI1ALl
dv dz dx xdz
dy__1d 1dy & 1d 1dy MI1A1Al
dx* xd xd2* &« x*d& x*dz°
282 5. o 3mx
dx” dx
of Yy, 1d9) 5. 1dy .
gt A N DY m 37
x[ % Sl d:‘_]+ xxxd: y M1
d;':)+Q—2v- -4 Al (7
i & °




Question
Number

Scheme

Marks

(b)

(c)

Auxeqn: m'+m-2=0
(m+2)(m-1)=0
=-2,1
CF: y=Ae™ + Be’
P. Try y=az+b

dy _ d’y

a —=0
&

a-2(az +b)=3:

Complete soln:  y= Ae™ + Be* -%z —%

X 3
y=Ax" +E\'——ln:r—é
2 4

MIAI

Al

Ml

AlAl

Bl ft

[14]

(6)

(1

Notes for Question

(@)

M1 differentiates x =¢” wrt y: chain rule must be used

Al correct differentiation
2

M1 differentiates again to obtain %
AlA1l one mark for each correct term

M1 substitutes in the given equation

Alcso obtains the required equation

ALT:

Works with z=Inx: marks awarded as above

(b)

M1 forms and solves the auxiliary equation

Al both values for m correct - may be implied by their CF

Al cormrect CF

M1 tries a suitable expression for the PF and obtains values for the

constants in the PF

AlAl shows the complete solution: one mark for each correct term in

the PF

(c)

Blft reverses the substitution to obtain the solution in the formy = ...

Follow through their complete solution from (b)




Q19.

Question

Nidber Scheme Marks
dx du dx du 1
—a¥ =g S g —_— —_—— Bl
(@) i du R dx ; " du g dx «x
dyv dy du _ dy
B e W i
LR A L L L P MIAI
dx* dx du du” dx | du du )
28V 7B 16y 2inx
dx? dx
w | dy dy dy
W1 i —Te*xe* X 116y =21n(e"
e RS & HeS 16y = (") dM1
dy —8d—1+l61 =2u Alcso (6)
2 du

(a) Bl
Ml

Ml

Al

dM1
Alcso

for g =e" oeasshown seen explicitly or used
‘

. dy . ;

obtaining d_‘ using chain rule here or seen later

5
T

obtaining i ‘, using product rule (penalise lack of chain rule by the A mark)
2

2

: ) .
a correct expression for dx.z any equivalent form

substituting in the equation to eliminate x Only u and y now Depends on the 2°* M mark

obtaining the given result from completely correct work

ALTERNATIVE 1

dy .dv dy d'y dx dy Ld'y
bl P Bl e R e R TR
du- du dx dx 7] dx dx*
o8y &y o

T oAy dit du

Y W Logid P ey =am(e)
\du”  du | x du

B1

M1

MI1Al

dM1Alcso
(©6)




Bl As above
M1 obtaining i—‘ using chain rule here or seen later
7
Ml obtaining 3-‘, using product rule (penalise lack of chain rule by the A mark)
u”
Quieston Scheme Marks
Number
Al Correct expression for d-{ any equivalent form
u”
dMlAlcso As main scheme
ALTERNATIVE 2:
du 1
=lnx —=— Bl
u X =
dv dy du 1dy
—_—m e N = M
dc du dx xdu :
dy l1lé ddo de 1y ldy MiAl
dx” x“du xdu dx x“du x° du’
x [ l, dy L, d-"; —Txx 1dy +16y=2u
x du x du ) x du
d;'1,'—8$+16y =2u " dMIAlcso
du~ du
See the notes for the main scheme.
There are also other solutions which will appear. either starting from equation II and
obtaining equation I, or mixing letters x. y and « until the final stage.
Mark as follows:
Bl as shown 1n schemes above
M1 obtaining a first denivative with chain rule
M1 obtaining a second derivative with product rule
Al correct second denivative with 2 or 3 vanables present
dM1 Either substitute 1n equation I or substitute 1n equation II according to method chosen
and obtain an equation with only y and « (following sub in eqn I) or with only x and y
(following sub 1n eqn II)
Alcso  Obtamning the required result from completely correct work




Question

Number Scheme Marks
(b) m' —8m+16=0
(m—4)Y =0 m=4 MIAl
(CF=)(A+Bu)e* Al
PLtry yv=au+b (or v=cu’ +au+b different derivatives, ¢ = 0)
W B2 M1
du du”
0-8a+16(au+b)=2u
=% b =% oe (decimals must be 0.125 and 0.0625) dMIAl
u 1 1
- yv=(A+Bu)e +§u+1— Bit (7))
. | 1
(c) y=(A+Blx)x +=Inx+— B1 (1)
8 16
[14]
(b) M1 wnting down the correct aux equation and solving to m = ... (usual rules)
Al the correct solution (m=4)
Al the correct CF — can use any (single) variable
M1 using an appropnate PI and finding i—} and % Use of y=/Zu scores MO
( i
aMl substitute 1n the equation to obtain values for the unknowns Dependent on the second
M1
Al correct unknowns two or three (¢ =0)
Bl1ft a complete solution. follow through their CF and PI. Must have y = a function of u
Allow recovery of mcorrect varnables.
(c) Bl  reverse the substitution to obtain a correct expression for y in terms of x No ft here

4Inx

x* or e allowed. Must start y = ...




Q20.

Question

Nomber Scheme Marks
. " LT - dx du 1
(a) X=€ =—=€. Of —=g’ OFf —=x0F—=~—
du dx du dx x
by _dy odu D MIAI
dx du dx du
d-{?:—e-“ﬂg«}-e-"d;{’%:e-zu d}’+ﬂ MIALI
dx” dx du du” dx du di
Zd- d} +2y__ -2
~dx
bJ - d 4 d2
ey - L iST Logrge 2 oyt dM1
du du
d’y ,dy 2 Alcso
z=3—=—+2y==¢"" *
& du (6)
(a)
M1 obtaining & using chain rule here or seen later (may not be shown
explicitly but appear in the substitution)
Al correct expression for i—‘ any equivalent form (again, may not be seen
£ X
until substitution)
M1 obtaining d‘{! using product rule (penalise lack of chain rule by the A
mark)
P W :
Al a correct expression for o any equivalent form
dM1 substituting in the equation to eliminate x Only v and y now Depends on
3 both previous M marks. Substitution must have come from their work
Alcso | obtaining the given result from completely correct work.




ALTERNATIVE 1

— u d.— —
x=¢" —=e"=x

d} dy dr d)
du dA du d\'

MIAI

MIAl

(& dv] T L 0

x du

Q— Q.’.z}y:_e-zu *
du~ du

dM1Alcso
(6)

M1

iz i ;
obtaining d—‘ using chain rule here or seen later
u

Al

IR
correct expression for d_ here or seen later
u

M1

'Y

mark)

y the A

Al

2

Correct expression for :—) any equivalent form
u

dMIAlc
SO

As main scheme

ALTERNATIVE 2:

du |1
u=lnx —=-—
dx «x

dy dy du 1 dy

MIAI

dy__1dy 1dy du | dy 1d'y

2 2 * 2 2
dx x> du  x di? d.\' xX*du x> du

MIAI

x° -—Ld—} L5, -2x xld—+2)
xXdu x*du’ x du

——-— -3=+2y=—e" * Depends on both previous M marks

dMI1Alcso




There are also other solutions which will appear, either starting from
equation II and obtaining equation I, or mixing letters x, y and « until the
final stage.

M1 obtaining a first derivative with chain rule
Al correct first derivative
M1 obtaining a second derivative with product rule (Chain rule errors are
penalised through A marks)
Al correct second derivative with 2 or 3 variables present
dM1 Either substitute in equation I or substitute in equation II according to
method chosen AND obtain an equation with only y and u (following sub
in eqn 1) or with only x and y (following sub in eqn 1I)
Alcso | Obtaining the required result from completely correct work
Sueshon Scheme Notes Marks
Number
MI: Forms AE and attempts to
2 s 5 solve to m = ...or values seen in CF
(b) o ===t m= L2 Al: Both values correct. May only Mial
be seen in the CF
(CF =) de" + Be™ CF correct oe can use any (single) Al
) variable
)’ Lo Ae—lu
& ==24e™ Pl of form y=Ae™" (ory=Aue ™ ifm=-2 is
d’" a solution of the aux equation) M1
dy —42e and differentiate PI twice wrt u.
du? % Allow with x instead of u
dM1 substitute in the equation to
4ie7™ +64e 4207 == obtain value for 4 Dependent on
1 the second M1 dMIALl
DA=—— ]
12 Al A=——
12
A complete solution, follow
s Focy i
y= Ae" + Be™ ——e™" through their CF and PL. Must | 5,
12 have y = a function of u Allow
recovery of incorrect variables.
(7)
z l Reverse the substitution to obtain a
y=Ax+Bx" - T correct expression for y in terms of
-3 l
(€) - o 1 x No ft here = OFf —X™ Bl
Or y=Ae™ +Be™ = ——— 12x° 12
12¢™™ Must start y — ...

(h

Total 14




